The growth rate of real GDP per capita in the biggest OECD countries is represented as a sum of two components -a steadily decreasing trend and fluctuations related to the change in some specific age population. The long term trend in the growth rate is modelled by an inverse function of real GDP per capita with a constant numerator. This numerator is equivalent to a constant annual increment of real GDP per capita. For the most advanced economies, the GDP estimates between 1950 and 2007 have shown very weak and statistically insignificant linear trends (both positive and negative) in the annual increment. The fluctuations around relevant mean increments are characterized by practically normal distribution. For many countries, there exist historical estimates of real GDP since 1870. These estimates extend the time span of our analysis together with a few new estimates from 2008 to 2011. There are severe structural breaks in the corresponding time series between 1940 and 1950, with the slope of linear regression increasing by a factor of 4.0 (Switzerland) to 22.1 (Spain). Therefore, the GDP estimates before 1940 and after 1950 have been analysed separately. All findings of the original study are validated by the newly available data. The most important is that all slopes (except that for Australia after 1950) of the regression lines obtained for the annual increments of real GDP per capita are small and statistically insignificant, i.e. one cannot reject the null hypothesis of a zero slope and thus constant increment. Hence the growth in real GDP per capita is a linear one since 1870 with a break in slope between 1940 and 1950.
Introduction
There are many problems associated with the theory of long-term economic growth. The study of Galor (2005) describes the evolution of income per capita since the epoch of Malthusian stagnation and discusses the process, which induced the transition to the current sustained economic growth in developed countries. The primary aim of Galor's study, as well as economics as a whole, is to find a unifying theory accommodating various periods of growth based on solid micro foundations. This is a fundamental approach which should be also supported by observations at macro level.
In this study, we validate our original model (Kitov, 2008) We do not use any sophisticated technique of signal extraction, as proposed by Pedregal (2005) , who explored two linear trend models with a nonlinear forecast function. Under our framework, the long-term forecast is not limited in time but is based on a constant annual increment of real GDP per capita, which we call the inertial growth due to its similarity to inertia in classical mechanics. In other words, a developed economy will be growing with a constant annual increment of real GDP per capita when no external forces are applied. Similarly, an object will continue moving at its current velocity (distance increment per unit time) until external forces are applied. Obviously, our model does not allow an exponential growth path, unlike that presumed in the trend extracting procedures developed by Pollock (2007) or in the original Solow (1956) and Swan (1956) growth model.
In this article, we show that annual increment of real GDP per capita has no statistically reliable linear trend in thirteen developed economies (from Australia to the US) since 1870. Nevertheless, they also demonstrate linear growth paths of GDP per capita.
The remainder of the article consists of three Sections and Conclusion. Section 1 describes the concept of real GDP evolution and introduces several models predicting the path of real economic growth. Section 2 revisits the original results obtained from 1950 to 2007 and extends the data set to 2011. All original regressions are recalculated and statistically assessed for the extended period. In Section 3, we process the data between 1870 and 1940 using the same approach.
The model
The real problem with the description of economic processes is the inability of other sciences, including physics, to outperform economics despite sporadic claims (Bouchard, 2008) . Without a valid quantitative theory of macroeconomic processes (in sense that ex-ante predictions are consistent with ex-post observations) the current hopeless situation may last for a long time. To be valid and useful, any scientific theory must fit observations and predict new effects or future evolution. Unfortunately, the current economic paradigm repudiates, without any formal or empirical proof, the possibility to develop a deterministic economic theory. Our main aim is to show that such theories can indeed be formulated and should not be overlooked. In our attempt to do so, we will begin by presenting a deterministic model for real GDP per capita.
Let us start by introducing a new concept describing the evolution of real Gross Domestic Product. Our central claim is quite straightforward -the growth rate, g(t), of real GDP per capita, G(t), is driven by the attained level of real GDP per capita and the change in a specific age population, N s . According to this model, the growth rate of real GDP (for the sake of brevity we often omit "per capita") in developed countries is primarily characterized by an annual increment, A, which does not change over time; A = const. All fluctuations around this constant increment can be explained by the change in the number of people of the countryspecific age:
Equation (1) is a quantitative model that has been constructed empirically and proved statistically by tests for cointegration (Kitov, Kitov, and Dolinskaya, 2009) . Notice that unlike in the mainstream economics, no assumptions were made on the behaviour of economic agents and no theoretical models were formulated at the initial stage of our empirical study. Instead we have attempted to find a model that would best fit observations. The next subsection will be devoted to discussion of the actual model fitting.
We use the relative growth rate, as represented by dG(t)/G(t)=dlnG(t). In order to better understand the processes defining real growth let us decompose the model and consider each term individually. We will for now assume that the second term in (1), i.e. the rate of change in the specific age population, is zero. Accordingly, there is no external force acting on the GDP growth rate and the system is in the state of stationary or inertial (in terms of constant increment per unit time) growth. Later on we provide a simple analogue from mechanics, which clarifies why we prefer to call A/G(t) "the inertial growth".
When the population age pyramid is fixed (dN s ≡0), real GDP grows as a linear function of time:
where G (t) is completely equivalent to the inertial growth, G i (t), i.e. the first component of the overall growth as defined by (1). Relationship (2) defines the linear trajectory of the GDP per capita, where C=G i (t 0 )=G(t 0 ) and t 0 is the starting time. In the regime of inertial growth, the real GDP per capita increases by the constant value A per time unit. Relationship (3) is equivalent to (2), but holds for the inertial part of the total growth:
The relative rate of growth along the inertial linear growth trend, g i (t) , is the reciprocal function of G i or, equivalently, G:
Relationship (4) implies that the rate of GDP growth will be asymptotically approaching zero, but the annual increment A will be constant. Moreover, the absolute rate of GDP growth is constant and is equal to A [$/y]. This constant annual increment thus defines the constant "speed" of economic growth in a one-to-one analogy with Newton's first law. Hence, one can consider the property of constant speed of real economic growth as "inertia of economic growth" or simply "inertia". Then the growth, which is observed without the change in the specific age population, can be called the "inertial growth".
A textbook analogy of inertia at work from mechanics is rotation of a mass on a rope.
Rotation around the centre is accompanied by the change in the direction of motion and is driven by the tension force in the rope. If suddenly the rope is broken the mass follows up linear progressive motion at a constant speed along the line defined by the velocity vector at the moment when the rope was broken. In other words, the mass continues inertial motion with inertia being the property allowing for constant speed and direction. This works only when there is no net force to change the speed and direction. However, in order to retain constant speed and direction in real world (e.g. a plane flight) one needs to supply nonzero forces to compensate all traction forces.
In physics, inertia is the most fundamental property. In economics, it should also be a fundamental property, taking into account the difference between ideal theoretical equilibrium of space/time and the stationary real behaviour of the society. Mechanical inertia implies that no change in motion occurs in the absence of net exogenous force and without change in internal energy. (As mentioned above, in real case the net force is zero but one should apply extra forces in order to overcome the net traction force and to keep the body moving at a constant speed.)
For a society, the net force applied by all economic agents is not zero but counteracts all dissipation processes and creates goods and services in excess of the previous level. The economy does grow with time and its "internal energy" as expressed in monetary units does increase at a constant speed.
We do not consider the economy as a stone flying through space at a constant speed.
The economy is a complex system with all internal forces providing constant speed of growth.
The stone has no internal forces, which are able to change its speed. In reality, the space is full of dust and electromagnetic fields which can change the speed. The economy has more traction forces, bumps and barriers. That's why the speed of inertial growth differs between developed countries as we have confirmed empirically. Moreover, not all economies are organized in a way that results in the optimal stationary behaviour and the highest speed of economic growth.
Let us now consider the second growth component -the relative rate of change in the number of "s"-year-olds. As a rule, in Western Europe the integral change in the specific age population during the last 60 years is negligible, and thus, the cumulative input of the population component is close to zero. In the USA, the overall increase in the specific age population is responsible for about 20% of the total growth in real GDP per capita since 1960.
In (1), the term 0.5dlnN s (t)/dt is the halved rate of growth in the number of s-year-olds at time t.
The factor of 1/2 is common for developed countries. The only exception we have found so far and report later in this Section is Japan, where this factor is 2/3 as obtained from the rate of growth. Figure 1 depicts an arbitrary GDP evolution curve, lnG(t), which exhibits episodes of rapid growth (t 1 ) and recession (t 2 ). It is easier to illustrate the performance of the model on extreme cases and then to proceed by showing how GDP growth relates to the two defining components at t 1 and t 2 .
The growth rate is nothing but the first derivative of the function lnG(t). So, we are interested in how the tangent to the curve behaves. Let's first consider the case of the rapid growth in t 1 . The overall growth rate g(t 1 ) is the tangent to the curve at point t 1 . Please notice that if the age specific population is fixed (dN s (t 1 ) = 0), the inertial growth rate g i would be the tangent to the lnG(t). Nevertheless, we observe that dlnN s (t) > 0 what results in a rise in the GDP above the inertial level of growth.
The second case is similar, but differs in the direction of the overall growth. Please notice that g i (t 1 ) > g i (t 2 ) as the attained level of real GDP per capita is higher at t 2 and
A/G(t 1 )>A/G(t 2 )
. Furthermore, the rate of change of age specific population is negative, which leads to the overall negative growth as the GDP declines.
Annual increment between 1950 and 2011
We start with a revision of the period after 1950. Originally, we estimated the evolution of There are many figures since the study is a purely empirical one and the best way to present extensive quantitative results related to time series is to visualize them in form of time history. Nevertheless, our model of real economic growth will also undergo a formal statistical test for normal distribution of residuals. A wider range of specific econometric tools developed for the investigation of real economic growth is presented by Durlauf and co-authors (2005) .
Equation (1) suggests that the inertia component of the growth rate of GDP per capita is inversely proportional to the attained level of real GDP per capita, i.e. the observed growth rate should asymptotically approach zero with increasing GDP per capita. On the other hand, the lower is the level the higher is the rate of growth. This inference might be a potential explanation of the empirics behind the concept of economic convergence. The rate of growth must be higher in less developed countries, but the absolute gap in GDP per capita cannot be reduced in the future, unless some non-economic forces will disturb the current status quo.
A cross-country comparison implies that GDP per capita is measured in the same currency units. There are two principal possibilities to reduce national readings of GDP per capita to some common scale: to use currency exchange rates or purchase power parities (PPPs).
We use the latter approach and data provided by the Conference Board (2012). For developed countries, two estimates of GDP per capita levels are used: as measured in 2011 US dollars, for which "EKS" purchasing power parities have been applied, and that expressed in 1990 US dollars, with the conversion at Geary Khamis PPPs. These PPPs are obtained from the Organization for Economic Co-operation and Development. Being an improvement on the previous dataset, the "EKS" PPPs are considered as more accurate and reliable.
Only thirteen from thirty four OECD member countries are analyzed. The selection countries all meet the following general criteria: 1) large economy as denominated in US dollars;
2) continuous observations during the period between 1870 and 2011; 3) high level of real GDP per capita. According to the size criterion, quite a few smallest economies were excluded.
Furthermore, the third largest economy in the world -Germany is excluded from the data set as it does not meet the requirement for the continuity of time series. The third criterion excluded countries such as Turkey, Poland and other new EU members. That's why we have skipped these years without any big harm to statistical inferences related to individual segments.
From Figure 2 , we calculate regression lines before 1940 and after 1950. Table 1 Table 2 lists the mean annual increments and their standard deviations.
Our model assumes that in the long run the slope of regression line has to be zero. The residual fluctuations in the annual increment of real GDP per capita depend only on the defining population changes. The number of processes affecting the birth rate, mortality rate and net migration is very large and, according to the Central Limit Theorem, should result in an approximately normal distribution of the deviations. However, these random fluctuations in the defining age population do not presume the unpredictability of real economic growth. On the contrary, the number of nine-year-olds in the USA, which has been proved as the driving force of real GDP, can be counted with any desirable accuracy (Kitov, 2006b) . Hence, the growth is predictable.
For Australia, the regression slope is positive for both periods but falls from +0.024 (0.006) to +0.016 (0.006) due to the low rate of growth since 2008 as associated with the global economic crisis. Both slopes are statistically significant with p-value of 0.0003 and 0.005, respectively (see Table 3 ). Australia is the only example among the biggest economics with a statistically significant positive slope, which is likely related to demographic changes. Nevertheless, our prediction from 2006 that, in the long run, the regression line should be horizontal was valid and the slope has been falling since 2003. We expect the regression line approaching the zero line in the future. As we foresaw six years ago, the healthy growth of the 1990s and the early 2000s has been compensated by a significant fall in GDP. For Australia, Table 2 The next country is Austria as shown in Figure 4 . As for Austria, we expect a further slope decline in the near future.
The case of Canada in Figure 6 is rather similar to that of Austria and Belgium despite it Figure   12 has a slope estimate of +0.017 (0.009), which is not significant at the 5% level for p-value 0.064. Switzerland ( Figure 13 ) has a decreasing increment with a very small slope of -0.005 (0.011) which is statistically insignificant. The same slope was estimated in 2009. The average increment is rather small $271 with a larger standard error of $379. There is no sign of the Swiss GDP to rise faster than in the past and thus there is no expectation of a positive slope in the increment curve. Historically, Switzerland has quite a few years of negative growth together with many more successful episodes of growth. Spain is likely an example of such underperformance.
The US trend was well explained four years ago by the change in the nine-year-old population (Kitov, 2009) Unfortunately, the UK statistical agencies do not provide accurate population estimates for the entire period since 1950, but from the mean value one can assume that there was no significant increase in the specific age population. in 1950 cumulates to $600 in 2011. Therefore, the difference of $110 (Spain and the US) is a catastrophic one. Economically, these countries diverge in time. In part, these differences might be related to definitional problems in the PPP conversion methodology. But we can not exclude that a bigger part of the difference in the mean increment is a genuine one.
As discussed above, the residual increments should be normally distributed if they are related to stochastic processes in the specific age population. Therefore, these differences between the measured and mean annual increments were tested for normal distribution. We Figure 16 depicts both distributions. When applied to the whole data set of 793 demeaned observations from all thirteen countries, the Shapiro-Francia test for normality gives p-value < 0.00001, i.e. the null hypothesis of normality can be rejected at 1% significance level. This is a common situation in economic time series with heavy tails, as Figure 16 shows. There are a few outliers in the series beyond ±$800. They introduce a significant bias and the null of normality is rejected. One can remove the outliers (19 in total) and test the residual set for normality. The Shapiro-Francia test gives p-value > 0.032, i.e. the null of normality cannot be rejected at the same significance level. Hence, the residuals are likely taken from a normally distributed population. In this Section, the results from (Kitov, 2009 ) have been revisited. All new data support the assumption of inertial economic growth and thus the constancy of annual increment in real GDP per capita in developed economies. The validation process based on new data is the most reliable one. In macroeconomics, it takes a while, however. The aforementioned historical data set is a less reliable one but gives more data when it's possible to obtain in one's lifetime. The next Section analyses these historical estimates using the same approach and statistical tools.
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Annual increment between 1870 and 1940
All annual GDP estimates in this Section are borrowed from the data set complied by Angus
Maddison. We retain the same countries as in Section 2 but display the evolution of GDP increment in time between 1871 and 1940, as defined in (2) Table 2 ). Figure 17 shows all regression lines together with the corresponding equations.
According to (4), the slope is measured in (1990) US dollars per year. Figure 18 displays the frequency distribution of residuals, both original and demeaned.
Unlike the residuals of the measured GDP in Section 2, the artificially reconstructed and subjectively estimated past GDP values reveal an example of exponential distribution rather than a normal one. This confirms the artificiality of the estimates made for the "pre-GDP era" when the concept of Gross Domestic Product did not exist at all. 
